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We study the high-energy equivalence between helicity 61/2 gravitinos and Goldstinos in order to calculate
the production of gravitinos in time-dependent scalar and gravitational backgrounds. We derive this equiva-
lence for equations of motion, paying attention to some subtleties, mainly due to external sources, that are not
present in the standard proofs. We also propose the Landau gauge as a simplifying alternative to the usual
gauge choices, both for practical calculations and in the equivalence theorem proof.
PACS number~s!: 98.80.Cq, 04.62.1v, 04.65.1e, 12.60.JvI. INTRODUCTION
In supergravity theories @1,2# the graviton superpartner is
a spin 3/2 particle called the gravitino. This particle couples
only with gravitational strength to the rest of matter fields,
and accordingly its lifetime can be very long, with a decay
rate of G3/2.m3/2
3 /M P
2
. In particular, gravitinos lighter than
m3/2,100 MeV will live longer than the age of the Universe.
This fact can have important consequences in cosmology and
imposes stringent constraints on supergravity models. Owing
to their weak couplings, gravitinos freeze out very early
when they are still relativistic; therefore their primordial
abundance can be estimated as n3/2 /s.1023 @3#. Consider-
ing only the case of unstable gravitinos, such a primordial
abundance would give rise to an enormous amount of en-
tropy, in conflict with the standard cosmology. In particular,
gravitinos decaying during the nucleosynthesis can destroy
the nuclei created in that era. A possible way out of this
gravitino problem is the existence of a period of inflation
that dilutes any primordial density @4#. Unfortunately the
problem can be re-created if, after inflation, gravitinos are
produced by some mechanism. In fact, this could be the case
if during the period of inflaton oscillations, at the end of
inflation, the reheating temperature was sufficiently high. A
successful nucleosynthesis era then requires ~we give some
conservative bounds @5#! n3/2 /s,10215 for a gravitino mass
m3/2.100 GeV, n3/2 /s,10214 for m3/2.1 TeV and n3/2 /s
,10213 for m3/2.10 TeV. The production of gravitinos dur-
ing reheating is due to processes involving other particles
produced from the inflaton decay, and depends on the reheat-
ing temperature TR as @6#: n3/2 /s.10214TR /
(109 GeV). For a typical mass m3/2.1 TeV, this implies
TR,109 GeV. Another constraint appears in supergravity
models where the gravitino mass is determined by the scale
of supersymmetry breaking. In order to solve the hierarchy
problem, it is then suggested that m3/2,1 TeV @2#.
However, as a consequence of some recent works @7# it
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ing cannot be studied by the standard perturbative tech-
niques. This preheating period can give rise to an explosive
production of bosons due to the phenomenon of parametric
resonance. In this period, the energy of the coherent oscilla-
tions of the inflaton field is very efficiently converted into
particles. In the case of fermions, the limit imposed by the
Pauli exclusion principle avoids the explosive production,
although the results still deviate from the perturbative expec-
tations @8,9#. This fact is particularly relevant when graviti-
nos are directly coupled to the inflaton, since during preheat-
ing they could be produced in excess, thus imposing new
constraints on the particular supergravity inflationary model.
In previous works @10,11# it was shown that the produc-
tion of helicity 63/2 gravitinos can take place during pre-
heating and that the results deviate from the perturbative ex-
pectations by several orders of magnitude ~see also @12#!. In
the case of helicity 61/2 gravitinos, the production is in
general more abundant, depending on the specific supergrav-
ity model @13#. Some other works dealing with this topic can
be found in @14#.
In the present work we are interested in the production of
helicity 61/2 gravitinos during preheating. The relative dif-
ficulty of the calculations in the unitary gauge, used in the
above references, suggests that we should explore alternative
methods. In particular we will exploit the relation between
helicity 61/2 gravitinos and Goldstinos ~first pointed out in
Ref. @28#! given by the equivalence theorem ~ET! @15#. This
possibility was suggested in the first reference of @13# and in
the last one of @13# it was shown how the ET could be used
to study the helicity 61/2 gravitino equation in the ufu
!M P limit.
The ET was first introduced, in the framework of non-
Abelian gauge theories @16,17#, as a way to calculate pro-
cesses involving longitudinal gauge bosons, but using only
Goldstone bosons, which are scalars and therefore much
easier to handle. The first formal proof in terms of S-matrix
elements was given in @18#, and that is basically the deriva-
tion followed within the supergravity scenario. In the last
few years, and still within the framework of the non-Abelian
gauge theory, several works have completed the proof of the
theorem @19#, including renormalization effects, but also
raising some questions about its Lorentz non-invariance am-©2000 The American Physical Society18-1
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briefly how these new considerations may affect the
gravitino-Goldstino ET applied to the production of graviti-
nos during preheating.
Intuitively, the ET tells us that, since the Goldstinos dis-
appear from the spectrum through the super-Higgs mecha-
nism, giving rise to physical helicity 61/2 gravitinos, it is
possible to use Goldstinos in the calculation of observables
instead of the complicated 61/2 gravitinos. Of course, this
identification can only be carried out at energies high enough
to neglect the masses.
Rigorously, this theorem has only been proved for
S-matrix elements containing initial or final helicity 61/2
gravitinos and in the absence of external backgrounds. This
would provide a good approximation for gravitino produc-
tion during the reheating period, but only at the perturbative
level, where the rate of production is given by the decay of
inflaton quanta @7,15#.
However, preheating is a non-perturbative ~and out of
equilibrium! process and it is not obvious that the same proof
still holds in the presence of external sources, such as the
inflaton field or the space-time curvature. In particular, the
presence of a source that creates particles makes different the
initial and final vacua in the Green functions. In addition,
these sources are present in the gauge-fixing condition,
which is the starting relation in the ET derivations. Of
course, we still expect that the intuitive relation suggested by
the ET should hold, but since it is not the same to establish
an equality at the level of matrix elements as at the operator
~fields, indeed! level, we present in this paper a derivation
more suited for the formalism in terms of equations of mo-
tion. In this way we can also identify the physical conditions
on the sources that we need for this theorem to hold.
Finally, we propose the Landau gauge as the best choice
to perform the calculations, although, probably, it is not the
most intuitive. In this gauge, not only the proof of the theo-
rem, but also the final equations that govern gravitino pro-
duction are considerably simpler.
All the previous considerations basically concern the
gravitino production process. But we also have to take into
account the fact that we are producing very many gravitinos
~out of equilibrium! which have a distribution in energies.
Some of them will satisfy the physical conditions to apply
the ET, whereas some others will not. Hence, we also present
an additional condition on the number of those gravitinos not
satisfying the applicability conditions, in order to obtain re-
liable calculations with the ET.
II. SUPERGRAVITY LAGRANGIAN
Let us consider N51 minimal supergravity @1,2,21#
coupled to a single chiral superfield F , which describes a
complex scalar field f and a Majorana spinor h satisfying
h5Ch¯ T5hC, with the charge-conjugation matrix given by
C5ig2g0. In principle, the derivation could be extended to
more than one chiral multiplet in a similar way. The scalar
component will play the role of the inflaton field and it will
therefore be considered as an external background. The cor-
responding Lagrangian is defined by the superpotential02351W(F) and the Ka¨hler potential G(F ,F†)5F†F1loguWu2.
We will define: G
,f5]G/]f , G ,f*5]G/]f*, G ,ff*
5]2G/]f]f*, etc. In this case we will have G
,ff*51. The
bosonic part of the Lagrangian is given by
g21/2LB52
1
2 R1g
mn]mf]nf*1e
G~32uG
,fu2!, ~1!
where we are working in units M5M P /A8p51. In the fer-
mionic part of the Lagrangian, we are only interested in
those terms quadratic in the fermionic fields ~gravitinos and
Goldstinos!, since we are going to work with the linearized
equations of motion. For the sake of simplicity we will as-
sume that the scalar field f is real. With this assumption
those terms are:
g21/2LF52
1
2 e
mnrsc¯ mg5gnDrcs1
i
2h
¯ D h
1eG/2S i2c¯ msmncn1 12 ~2G ,ff2G ,f2 !h¯ h
1
i
A2
G
,fc¯ mg
mh D 1 1A2c¯ m~]f!gmh , ~2!
with smn5i/2@gm ,gn# . Since we are concerned with the pro-
duction of gravitinos after inflation, we assume that our sca-
lar field depends only on time and that the space-time metric
is of the Friedmann-Robertson-Walker ~FRW! form. In par-
ticular, it will be very useful to work in conformal time, for
which the FRW metric with flat spatial sections reads
ds25a2~ t !~dt22dxW 2!, ~3!
where a(t) is the Universe scale factor and the non-
vanishing gravitational field is assumed to be created by the
scalar field.
In contrast with the ET usual proof, there are two mixing
terms between gravitinos and Goldstinos in Eq. ~2!. When
the scalar field has settled down at the potential minimum,
f5f0, the last term does not contribute, and this is why it is
absent from the discussions of the spontaneous breaking of
supersymmetry. However, since we are interested in a time-
dependent f , such a term cannot be ignored any longer. In
flat space-time, with f5f0, and when supersymmetry is not
broken, i.e., G
,f0
50, the mixing terms are absent and the
equations of motion describe the gravitino evolution with
only two helicity 63/2 states. However, when supersymme-
try is broken spontaneously, the gravitino acquires two more
degrees of freedom with helicity 61/2, because of the inter-
action with the Goldstinos, giving rise to much more com-
plicated evolution equations.
In the unitary gauge all the Goldstino dependent terms are
absorbed in a redefinition of the gravitino field. This gauge
shows explicitly the super-Higgs mechanism in which the
Goldstino becomes the helicity 61/2 components of the
gravitino field. There are no mixing terms but, still, we have
to deal with 61/2 helicity states of a Rarita-Schwinger field,8-2
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of helicity 61/2 gravitinos in preheating has been calculated
in the unitary gauge in @13#.
Note that, although it is not necessary, we are making the
inflaton responsible for supersymmetry breaking. Then, the
inflatino also plays the role of the Goldstino. This assump-
tion simplifies the discussion since otherwise, and although
supersymmetry would be broken during and after inflation, it
would be restored at the minimum of the potential and the
super-Higgs mechanism would not take place. Accordingly,
the gravitino would not have a 61/2 component. We will
also assume that at the minimum the cosmological constant
is zero, then G
,f0
2 53G
,f0f0*
, and we have G
,f0
5A3.
The equations of motion for gravitinos and Goldstinos
derived from Eq. ~2! are
emnrsg5gnDrcs1
1
2 e
G/2@gm,gn#cn2
i
A2
G
,fe
G/2gmh
2
1
A2
~]f!gmh50 ~4!
and
iD h1eG/2~2G
,ff2G ,f
2 !h2
i
A2
eG/2G
,fg
mcm
1
1
A2
gm~]f!cm50. ~5!
If we consider only helicity 63/2 gravitinos, then it can be
shown that the equations of motion reduce to a very simple
form @10#:
~ iD 2eG/2!cm63/250. ~6!
However, the helicity 61/2 equation is much more involved
and contains terms coupled to Goldstinos. Nevertheless, if
we are only interested in the helicity 61/2 gravitinos high-
energy behavior, E@m3/2 , then we can simplify the calcula-
tions with the ET. This limit is sensible in most supergravity
inflation models with one chiral supermultiplet, since the
typical energy of the particles created during preheating is of
the order of the inflaton mass, mf , which is usually several
orders of magnitude larger than m3/2 . For instance, in the
model discussed in @22,23#, mf.1010 GeV, whereas m3/2
,1 TeV. Note also that all these scales are well below M P ,
where supergravity breaks down as an effective theory.
As it was commented before, the ET has been rigorously
derived for S-matrix elements. However, to calculate the
non-perturbative production of gravitinos during preheating,
we use a formalism in terms of equations of motion and
fields. In order to show how the gravitino-Goldstino high-
energy equivalence can be used in this context, we will fol-
low these steps:02351~i! Introduce a gauge-fixing term corresponding to a cer-
tain generalization of the Rj gauges, which allows us to can-
cel the mixing gravitino-Goldstino terms in the equations of
motion.
~ii! Assume that in the asymptotic regions t→6‘ , the
external sources are static, i.e., f→f0 and gmn→hmn , and
then use the equations of motion in those regions to show
that ]mcm}m3/2h .
~iii! Use the high-energy limit of the 61/2 helicity pro-
jectors, P61/2m 5pm/m3/21O(m3/2 /E), to relate c61/2
5P61/2
m cm}h , when E@m3/2 in the asymptotic regions.
~iv! Choose the Landau gauge, j→‘ , as an additional
simplification for the calculations of Goldstino production.
III. GAUGE FIXING
Goldstinos do not belong to the physical spectrum, and in
the unitary gauge we can even get rid of them in the equa-
tions of motion. In contrast, the production of helicity 61/2
gravitinos during reheating is gauge-invariant, and is only
related to the Goldstino production in certain gauges, called
Rj gauges, in which both fields appear simultaneously in the
Lagrangian. Let us then consider the following gauge-fixing
condition, which is a generalization of the Rj gauge used in
@15,24#:
gmcm2
1
A2jD e
G/2G
,fh1
i
G
,f
e2G/2gm~]f!cm50. ~7!
When f is constant we recover the gauge-fixing term in @15#
and the limit j→0 corresponds to the unitary gauge. Note
that in our case, due to the external sources, all the coeffi-
cients in the gauge-fixing function are no longer constants.
The above equation provides us with a relation between
gravitinos and Goldstinos, but we want to extract only those
with helicity 61/2, for which we will need a relation be-
tween ]mcm and h . In the following we will use the equa-
tions of motion to obtain a relation of the desired form.
If we assume that in the asymptotic regions t→6‘ the
space-time is flat and the scalar field settles down at the
potential minimum f0, then, in those regions, the above con-
dition reduces to
ain ,out
21 ]gmcm5A32
m3/2
j
h , ~8!
where m3/25eG0/2 and ain ,out are the scale factor values in
the asymptotic past and future. In order to simplify the no-
tation, we will absorb the scale factor into the mass:
min ,out[ain ,outm3/2 ; to avoid the proliferation of indices, we
will denote min ,out simply by m. With this notation, the
gauge-fixing condition reads
]gmcm5mjA
3
2h . ~9!
Let us recall that it is only in the static regions where the
definition of particle and the separation between different
helicities is unambiguous. However, in the strict sense,8-3
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2‘) nor the final (t→‘) regions can be considered static,
since there is a period of inflation before preheating and to-
day we know that the Universe is expanding. Nevertheless,
for practical purposes, we can still consider the initial and
final regions as static, since the particle production will
mainly take place during the first inflaton oscillations. Ac-
cordingly, we will define our initial vacuum by imposing
such initial conditions on our fields that they behave as plane
waves before preheating. The final state has a similar behav-
ior, since the rate of expansion decreases with time. Indeed,
the vacuum at the end of preheating could be defined more
rigorously as an adiabatic vacuum @25#, which would not
yield additional gravitino production from the Universe ex-
pansion.
Let us then consider first the equations of motion for grav-
itinos ~4! and Goldstinos ~5! in the initial and final regions
with the notation that we have just introduced. Since the
inflaton is in the minimum, G
,f0*
G
,f0f0
52G
,f0
, and there-
fore
emnrsg5gn]rcs1
1
2 m@g
m
,gn#cn2iA23mgmh50,
~10!
i]h22mh2iA32mgmcm50. ~11!
If we now fix the gauge using Eq. ~9! in the above equations,
they can be rewritten as
emnrsg5gn]rcs1
1
2 m@g
m
,gn#cn2ijgm]gncn50,
~12!
i]h22mh2i 32
m2
j
1
] h50. ~13!
In the following we will rewrite the equations of motion
for Goldstinos and gravitinos in the asymptotic regions as
well as the gauge-fixing condition in a more convenient
form. Contracting the gravitino equation with ]m , we obtain
@26#
1
2 m~]gncn2gn]cn!2ij]]gncn50, ~14!
whereas contracting with glgm , we find
2i~]lgscs2]cl!1m~glgncn12cl!22ijgl]gncn50,
~15!
which can be contracted again with gl to get
i~]gscs2gl]cl!13mgmcm24ij]gncn50. ~16!
Substituting Eq. ~14! into Eq. ~16!, we obtain023512ij]]gncn1 32 im2gncn12jm]gncn50, ~17!
which, finally, can be rewritten as
~ i]2m1!~ i]2m2!gncn50, ~18!
where we have defined m65m16A123/(2j). Note that,
in the perturbative sense, the poles in the propagator are
exactly those obtained in @15#. In addition we can derive the
very same equation for the Goldstino, just by multiplying Eq.
~13! by i] :
~ i]2m1!~ i]2m2!h50. ~19!
The implications of these equations are clearer if we recall
that the physical fields, i.e., the 63/2 and 61/2 helicity
modes in the asymptotic regions, are those satisfying both
gmcm50 and ]mcm50. They have the correct physical mass
m since they still satisfy (i]2m)cmPhy50. In contrast, the
unphysical spin-1/2 modes present poles in the propagator at
m6 , exactly as happens with the Goldstinos. Therefore, by
fixing the gauge we have only modified the poles of the
unphysical modes. From Eq. ~14! and by means of the
gauge-fixing condition, we obtain
1
2 m~2]gncn22]ncn!2i]A
3
2mh50. ~20!
Since h satisfies Eq. ~19!, we have two possible solutions:
(i]2m1)h50 and (i]2m2)h50; together with the
gauge-fixing condition ~20!, they yield
A32
m
j
h2]mcm2A32m6h50. ~21!
From this expression we get
]mcm5A32
m
j S 12j m6m Dh . ~22!
At first sight, this equation relates the unphysical gravitino
]mcm with the Goldstino; however, the key observation is
that, as we will show, at high energy, ]mcm tends to the
physical helicity 61/2 gravitino. Note that, apparently, there
are two relations, one for Goldstinos that correspond to the
m2 solution and another for those with m1 .
IV. THE EQUIVALENCE THEOREM
In the asymptotic initial and final regions, we expect that
a general solution of the equations of motion for gravitinos
and Goldstinos will be written as a linear superposition of
on-shell positive and negative frequency plane waves @26#.
In particular, let us consider a negative frequency mode so-
lution in the initial region with momentum pm5(v in,0,0,p)
~there is no loss of generality in this choice!, with pmpm
5min
2 and p5upW u, such that p@min :8-4
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p ~x !5
1
ain
3/2A2v in
eipxc˜ m~pW !1OS minp D , ~23!
where c˜ m(pW ) is the corresponding Fourier component. For
the unphysical Goldstino we have
hp~x !5
1
ain
3/2A2v in
eipxh˜ ~pW !1OS minp D . ~24!
Similar expressions can be written for the positive-frequency
solutions and for solutions in the final region. Note that the
on-shell conditions for gravitinos and Goldstinos are differ-
ent because of the different positions of the poles. In particu-
lar, for physical gravitinos we have pmpm5min
2 and for
Goldstinos and unphysical gravitinos (gmcm and ]mcm) we
have pmpm5(m1in)2 ~we will not use m2 for reasons that will
become clear below!. We have thus included the O(min /p)
term at the end of Eqs. ~23! and ~24!. Strictly, it should not
be there for physical gravitinos, but at this level we keep a
compact notation between physical and unphysical graviti-
nos.
The spin-1 polarization vectors are given by em(pW ,m)
5a(t)dma ea(pW ,m), where
ea~pW ,1 !5
1
A2
~0,1,i ,0!, ea~pW ,0 !5
1
min
~p ,0,0,v in!,
ea~pW ,21 !52
1
A2
~0,1,2i ,0!. ~25!
If u(pW ,s) are spinors with definite helicity s561/2, then
P6u(pW ,61/2)5u(pW ,61/2), where P65(1/2)1
6g5g
mem(pW ,0) are the helicity projectors. Accordingly, the
helicity 63/2 and 61/2 projectors are nothing but
Pm
63/25P6em~pW ,61 !,
Pm
61/25A13P7em~pW ,61 !
1A23P6em~pW ,0 !. ~26!
We see that, at high energy, the 61/2 projector behaves as
Pm
61/25A23P6
pm
min
1OS minp D , ~27!
where we have neglected em(pW ,61) with respect to
em(pW ,0). Let us then define the helicity 61/2 components of
the gravitino field in the asymptotic initial regions and in
momentum space as02351c˜ 61/2~pW ![P61/2
m c˜ m~pW !5FA23P6 pmmin 1OS minp D Gc˜ m~pW !.
~28!
At high energies, we see that the helicity 61/2 gravitino
tends to the unphysical ]mcm field and therefore we can use
the gauge-fixing condition in Eq. ~22! to obtain a relation
between each Fourier mode of the Goldstino and the helicity
61/2 gravitino. @As pointed out in @15#, it is essential that
both ]mcm and h have the same poles, in order to rewrite the
equality in Eq. ~22! in terms of Fourier modes.#
For arbitrary values of the j parameter it would be nec-
essary to take into account both solutions, with m1 and with
m2 . In this case, the solution of the Goldstino equation is
hp~x !5hp
1~x !1hp
2~x !. ~29!
From Eq. ~22!, we see that each solution is related to the 1/2
helicity gravitino with different proportionality constants,
i.e., for negative frequency solution we will have in the ini-
tial region
c˜ 61/2~pW !5 (
1 ,2
F2i 1j S 12j m1 ,2
in
min
D P61/2
1OS minp D Gh˜ 1 ,2~pW !. ~30!
In the S-matrix derivations of the ET, the proportionality
constant between the helicity 61/2 gravitinos and the Gold-
stinos disappears once the external lines of the Green func-
tions have been removed, the momenta are on-shell, and the
tensor indices are contracted with the corresponding polar-
ization vectors @15#. However, this is not so straightforward
in the ‘‘semiclassical’’ proofs based on the generating func-
tional formalism, either within supergravity @15# or even in
the non-Abelian context @16#. These ‘‘semiclassical’’ proofs
are given for the clever choice j53/2, where m25m1 and
the proportionality constant is unique ~in the non-Abelian
case the choice is j51 and the proportionality constant is
unity!.
However, for our purposes, it is much more appropriate to
choose the Landau gauge. Indeed, in an arbitrary generalized
Rj gauge, Eq. ~5! will be written
iD h2eG/2~G
,ff1G ,f
2 !h2eG/2G
,f
i
2jD e
G/2G
,fh50.
~31!
The presence of the last term makes it very difficult to obtain
solutions even numerically. However, we get a dramatic sim-
plification by using the Landau gauge, j→‘ , in which the
last term, which is the most complicated, vanishes. Thus we
have
iD h2eG/2~G
,ff1G ,f
2 !h50. ~32!
Note that this last expression corresponds to the m1 case in
Eq. ~19!. The m250 solution is just an artifact due to the8-5
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previous formulas. Therefore, Eq. ~28! now reads
c˜ 61/2~pW !5F2 i P61OS minp D Gh~pW !. ~33!
This is the relation we were looking for. Note that this is an
equality at the level of fields and not for S-matrix elements.
This result shows that although the helicity 61/2 gravitinos
and the Goldstinos can evolve differently during the oscilla-
tions of the scalar field, they approach each other in the
asymptotic regions ~up to a constant!. The fact that this result
is valid only in the asymptotic regions, is sufficient for our
purposes. Since Eq. ~32! is just the standard equation of mo-
tion for a fermion field in curved space-time with a time-
dependent mass, it is straightforward to apply the standard
techniques of particle production.
Once more we stress that such a result is only useful when
the energy of the particles we are producing is much larger
than their masses. In our case, the inflaton is in a frame
where it is homogeneous, only depends on t, and oscillates
with a typical frequency mf . Thus, we expect the physical
momentum of the gravitinos to be O(mf), so that we can use
Eq. ~33! if m3/2!mf . Usually we will evaluate aout right
after the preheating ends and then min ,out!m3/2 . The fact
that we are in an homogeneous background is technically
relevant due to the remarks about the ET and Lorentz invari-
ance done in @20# in the context of non-Abelian gauge theo-
ries. Indeed the ET is not Lorentz invariant, since not only is
the helicity decomposition frame-dependent, but also terms
like O(m/E), O(m/p) . . . do have very different values de-
pending on the reference frame. The fact that the inflaton
field is homogeneous ensures that all our gravitinos are pro-
duced from rather similar conditions and we can apply the
ET to the vast majority of them.
V. PARTICLE PRODUCTION
Up to now our discussion has been purely classical. In
order to interpret these solutions in terms of particle number,
we have to quantize them @25,27#, which has already been
done in the unitary gauge @13#. We are interested in the Lan-
dau gauge, j→‘ , where the Goldstino equation of motion
~32! reduces to that of a Majorana fermion coupled to a
scalar field in a curved space-time, whose quantization is
also a well known problem of particle production @8,9#.
Let us then consider a classical solution to Eq. ~32! with
helicity l, such that in the past (t→2‘), it behaves as a
negative-energy plane-wave: i.e.,
h l
p~x !→ 1
ain
3/2A2v in1
eiv in
1 t2ipW xWu~pW ,l !, ~34!
where ain is the scale factor at the end of inflation. In the
asymptotic future (t→‘), because of the presence of the
time-dependent background fields, this solution will no
longer behave as a negative-energy mode; rather, it will be a
linear superposition of positive and negative frequency
modes02351h l
p~x !→ 1
aout
3/2 A2vout1
ap ,lh eivout1 t2ipW xWu~pW ,l !
1b2p ,l
h e2ivout
1 t2ipW xWuC~2pW ,l !, ~35!
where, for a given pW , we have (v in ,out1 )25(min ,out1 )21p2.
The Bogolyubov coefficients satisfy
uap ,l
h u21ubp ,l
h u251. ~36!
Using again our previous result in Eq. ~33! we can identify
each Fourier mode above with the corresponding Fourier
mode for a helicity 61/2 gravitino ~up to a constant!. In
particular we will find that the Bogolyubov coefficient for
the helicity 61/2 gravitino will be the same as that of the
Goldstino, up to O(m/p), i.e., bp ,lc 511O(m/p)bp ,lh . No-
tice that because of the different masses of Goldstinos and
physical gravitinos, the correction to the Bogolyubov coeffi-
cients for gravitinos can depend on time as exp(iDvt), where
vout
1 5vout1Dv . However, such a term will be relevant
only when t.1/Dv , that is, much later than the end of pre-
heating. Moreover, remember that the Bogolyubov coeffi-
cients are normalized according to Eq. ~36! and therefore the
proportionality constant is irrelevant.
As a remark, let us note that if we had a renormalizable
theory whose low-energy limit is supergravity, we could still
use our estimates with the ET, irrespective of the renormal-
ization corrections @19# needed in the complete proof of the
theorem. The reason is that we do not need the proportion-
ality constant to obtain the Bogolyubov coefficients.
Therefore the number of gravitinos created with helicity
l561/2 and momentum p , Np ,l
c will be given by
Np ,l
c 5F11OS mp D G ubp ,lh u2. ~37!
In conclusion, solving the equation of motion for the Gold-
stinos in the presence of the external backgrounds, and using
Eq. ~37!, we will obtain the number of helicity 61/2 grav-
itinos created during preheating. In the above expression it is
explicit that only the knowledge of the solutions in the
asymptotic regions is relevant to the particle number calcu-
lation.
As an analytic check of the ET, we can compare with the
unitary gauge results of @13#, obtained in the global super-
symmetric limit, ufu!M P . We only have to note that, when
ufu!M P , our Goldstino equation in the Landau gauge ~32!
is reduced to
iD h2~]f]fW !h50, ~38!
which is the very same equation obtained in @13# for the
helicity 61/2 gravitinos. Note however, that the condition
ufu!M P , is not necessary to prove the ET. Our high-energy
result is valid independently of the size of ufu.8-6
THE EQUIVALENCE THEOREM AND THE PRODUCTION OF . . . PHYSICAL REVIEW D 62 023518VI. NUMERICAL EXAMPLE
As a possible application of the previous results and for
further comparison with other works @13#, we will study a
simple supergravity model based on the superpotential
W5Al
F3
3 . ~39!
Unfortunately, at the minimum of the corresponding inflaton
potential, supersymmetry is restored. We will then assume
that Eq. ~39! is only valid far from the minimum and that
close to f50 it is modified to satisfy the assumptions
needed to apply the ET @see paragraph before Eq. ~4!#. For
this superpotential, the effective gravitino mass oscillations
are not damped in time. Still, we can apply the ET if we take
f(t)50 for t<0 and t>nT , where n is an integer ~in our
example n56) and T is the inflaton oscillation period. De-
spite these problems, we consider this model useful as a
numerical illustration of the ET. Hence, we have taken the
initial amplitude of the inflaton oscillation to be f˜ 0
.0.2M P ~where f˜ 5A2 Re f is the canonically normalized
inflaton!, which implies that the effective Goldstino mass is
oscillating with amplitude mG.A2lM . With these initial
and final conditions we have calculated numerically the
number of Goldstinos produced from Eq. ~32!, using the
standard results for the production of fermions obtained in
@8#. We thus look for solutions of the Goldstino equation
with momentum p and helicity l of the form
hpl~x !5a23/2~ t !eip
W xWUpW l~ t !, ~40!
with
UpW l~ t !5
1
Av in1min
@ ig0]02pW gW 1a~ t !eG/2~G ,ff
1G
,f
2 !# f pl~ t !u~pW ,s !. ~41!
Using the above ansatz, we can write the equation as fol-
lows:
F d2d t˜2 1k21 iAl dd t˜ beG/2~G ,ff1G ,f2 !
1
b2
l
eG~G
,ff1G ,f
2 !2G f kl~ t˜ !50 ~42!
with k5p/(ainAl) and t˜5ainAlt and the new scale factor
is defined as b( t˜)5a( t˜)/ain . The initial conditions are
f kl(0)51 and f˙ kl(0)52ik . In particular, for the Goldstino
occupation number we find
Nkl
h ~nT !5
1
4k 2k1i@ f˙ kl* ~nT ! f kl~nT !2 f kl* ~nT ! f˙ kl~nT !#.
~43!02351Using Eq. ~37!, we get the occupation number of helicity
61/2 gravitinos directly from Eq. ~43!, whereas for those
with helicity 63/2 we use Eq. ~6! following the same steps
as before @10#. In Fig. 1, we have plotted both spectra and we
see that for this particular model, the production of helicity
63/2 gravitinos is suppressed by two to three orders of mag-
nitude with respect to the 61/2 gravitinos. Note that Nkl
depends on the number of oscillations and on the inflaton
initial conditions. Thus, we cannot make a comparison for
the whole spectrum with the unitary gauge estimations ob-
tained in the first references in @13# and the complete numeri-
cal analysis of the last reference in @13# ~made without the
ET, although they have checked that the formulas hold in
one particular case!. Nevertheless, the ET tells us that, since
the mass of the Goldstino will be less than a(t)Al , both
results should agree for p@a(nT)Al , i.e., with the above
definitions k@b(nT) @in our example b(nT).12#, irrespec-
tively of the initial conditions. Indeed, the orders of magni-
tude are in good agreement with the previous works.
However, there are some other models in which the ap-
plication of the ET is somewhat restricted, such as a pure
quadratic superpotential W5mfF2. In this case, at the mini-
mum of the potential, supersymmetry is restored and there-
fore the definition of helicity 61/2 gravitinos is meaningless.
Ignoring this problem, although the amplitude of the inflaton
oscillations is damped, the Goldstino mass term, which con-
tains the second derivative of the superpotential, tends to a
constant of O(mf), typically much larger than m3/2 . Then,
the ET will be useful to calculate only that portion of the
spectrum with energy much higher than the inflaton mass.
FIG. 1. Spectrum of helicity 63/2 and helicity 61/2 gravitinos
for different ranges of momentum. The helicity 61/2 production
has been obtained using the ET.8-7
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predictions. Since gravitinos are produced in large numbers,
with vastly different energies, we have to estimate what frac-
tion of them does not satisfy the ET conditions. For that
purpose we define the number density of gravitinos produced
with both helicities as
n~ t !5
1
p2a3~ t !
E
0
‘
Np ,lp2dp . ~44!
Then, for those gravitinos with momenta lower than their
mass, i.e., p2,aout
2 m3/2
2
, the ET does not apply. Thus the
number density of ‘‘excluded’’ gravitinos is
n~ t !exc<
1
3p2a3~ t !
aout
3 m3/2
3
. ~45!
In addition, we can estimate the total number density of pro-
duced gravitinos as
n~ t ! tot.
1
3p2a3~ t !
ain
3 mf
3
. ~46!
Hence we obtain that the fraction of gravitinos that do not
satisfy the ET applicability conditions is
nexc
ntot
<S aoutm3/2
ainmf
D 3. ~47!
Accordingly, the additional ET applicability condition is:
aoutm3/2!ainmf . We see that the result depends on the du-
ration of the preheating era and the ratio of gravitino and
inflaton masses. Typically, the production takes place in a
few inflaton oscillations, which implies that the scale factor
only grows by a few orders of magnitude, not enough to
overcome the mass difference. Therefore, in these models,
the ET safely describes the production of the vast majority of
helicity 61/2 gravitinos.
VII. CONCLUSIONS
We have studied the production of helicity 61/2 graviti-
nos using the equivalence of Goldstinos and gravitinos at02351high energies. We have shown that in the Rj gauges, where
the Goldstino and gravitino equations of motion decouple,
the classical solutions of the Goldstino equation are propor-
tional to those of the helicity 61/2 gravitinos in the
asymptotic static regions. This result is sufficient to relate the
production of Goldstinos to the production of helicity 61/2
gravitinos. Furthermore, we have shown how in the Landau
gauge, the equation of motion for the Goldstino is consider-
ably simpler. As a check, we have compared our results with
previous ones obtained in the unitary gauge and we have
found good agreement in the equivalence theorem applica-
bility regions.
We have clearly identified the ET applicability conditions
in the context of gravitino production: ~i! The frequency of
the inflaton field oscillations should be larger than the grav-
itino mass, mf@m3/2 . If we are interested in the pure gravi-
tational production, then one should also require H@m3/2 .
These conditions ensure that the typical energy of the pro-
duced particles will be larger than their masses. ~ii! The
sources should vanish asymptotically, which implies that the
space-time curvature should decrease with time and also that
the amplitude of the inflaton oscillations should be damped.
~iii! The ET calculations are only useful if most of the grav-
itinos have a large enough energy, which requires aoutm3/2
!ainmf .
Concerning the potential applications of our results, we
have shown that cubic superpotentials, with a slight modifi-
cation in their form, together with appropriate initial condi-
tions, could satisfy the above applicability requirements.
More elaborated models would require to extend the present
proof to more than one chiral multiplet and non-minimal
supergravity. Further work along this line is in progress.
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